A formula is derived that allows the computation of one-loop mass shifts for self-dual semilocal topological solitons. These extended objects, which in three spatial dimensions are called semi-local strings, arise in a generalized Abelian Higgs model with a doublet of complex Higgs fields. Having a mixture of global, SU (2), and local (gauge), U (1), symmetries, this weird system may seem bizarre, but it is in fact the bosonic sector of electro-weak theory when the weak mixing angle is π 2 . The procedure for computing the semi-classical mass shifts is based on canonical quantization and heat kernel/zeta function regularization methods.
Introduction
The purpose of this paper is to address the computation and analysis of one-loop shifts to the masses of semi-local planar topological solitons arising in a natural generalization of the Abelian Higgs model. Seen in (3+1)-dimensional space-time these solitons become semi-local strings whereas their masses give the string tensions, see [1] - [2] . At the critical point that marks the phase transition between Type I and Type II superconductivity, the set of semi-local self-dual topological solitons is an interesting 4l-dimensional moduli space, where l is the number of quanta of the magnetic flux, see [3] - [4] . Recently, superconducting semilocal (non self-dual) strings with very intriguing properties have been discovered in this model [5] .
Computations of one-loop mass corrections will be performed using the heat kernel/zeta function regularization method. The high-temperature asymptotic expansion of the heat function, see [7] - [6] - [8] - [9] , is a powerful tool that was applied for the first time to the calculation of kink mass shifts in [10] -the N = 1 SUSY case-and [11] -the non SUSY case-. One-loop corrections to N = 2 supersymmetric self-dual Nielsen-Olesen vortices were computed in a similar approach by Vassilevich and Rebhan-van Nieuwenhuizen-Wimmer in References [12] and [13] . In the second paper, the authors also showed that the central charge of the SUSY algebra is classical level. Sometime later, we calculated the one-loop mass shift for N = 0 (non-SUSY) self-dual NO vortices carrying a quantum of magnetic flux in Reference [15] . Mass shifts have been given for spherically symmetric self-dual vortices (when several solitons of a quantum of flux have coinciding centers) in [16] up to four magnetic flux quanta. Cruder approximations were also provided for the mass shift of two separated self-dual NO vortices -each of them with a quantum of magnetic flux-as a function of the inter-center distance.
In Reference [17] , we studied the one-loop correction to the energy of a degenerate manifold of kinks that arise in a very interesting family of models with two real scalar fields in (1+1)-dimensions. These field theoretical systems are obtained through dimensional reduction -plus a reality condition-of an N = 1 supersymmetric Wess-Zumino model with two chiral superfields, see [18] - [19] - [20] . A comparison between the mass shifts of these composite kinks and the correction to the mass of the ordinary λφ 4 2 kink was offered in [21] . In this paper, we address a similar, but more difficult, situation in (2+1)-dimensions, comparing one-loop mass corrections of the topological solitons that arise in two planar Abelian gauge systems; one with two complex scalar fields and the other with a single complex scalar field. The methodology used to accomplish this task is explained in detail in Reference [22] , where a complete list of References can be found.
Our paper is organized as follows: in Section §2 we describe the model and develop perturbation theory around one of the vacua. A one-loop renormalization is also performed. Section §3 is devoted to summarizing the structure of the moduli space of self-dual topological solitons. As a novelty, we also apply a variation of the de Vega-Shaposnik method [23] to find numerical solutions for spherically symmetric topological solitons. In Section §4, we explain how to obtain one-loop mass shifts in terms of generalized zeta functions of the second-order differential operators ruling the small fluctuations of the bosonic and ghost fields, and in §5 the high-temperature expansion of the heat kernel is used to give the final formula for one-loop mass shifts of semi-local self-dual topological solitons after application of Mellin's transforms. We present our results in Section §6 by means of Mathematica calculations of the coefficients of the asymptotic series giving the heat functions. Finally, in the Appendix we offer several Tables where these coefficients are shown.
The planar semilocal Abelian Higgs model The Model
The semi-local Abelian Higgs model [1] describes the minimal coupling between an U(1)-gauge field A µ and a doublet Φ of complex scalar fields in a phase where the Higgs mechanism takes place. The term semilocal refers to the fact that while the global symmetry of this system is SU(2) × U(1) only the U(1) factor is gauged. Defining non-dimensional space-time variables, x µ → 1 ev x µ , and fields, Φ → vΦ, A µ → vA µ , from the vacuum expectation value of the Higgs field v and the U(1)-gauge coupling constant, e, the action for the semilocal Abelian Higgs model in (2+1)-dimensions reads:
where the covariant derivative is defined as D µ Φ = ( 
Feynman Rules in the Feynman-'t Hooft R gauge
In order to obtain the Feynman rules, we expand the action around a classical vacuum. We shall profit from the SU(2) global invariance and we choose a vacuum Φ V with real upper and vanishing lower components. The shift of the fields
corresponds to the identification of H(x µ ), G(x µ ), and ϕ(x µ ), respectively as Higgs, real, and complex Goldstone fields. The choice of the Feynman-'t Hooft R-gauge
requires a Faddeev-Popov determinant to restore unitarity, which amounts to introducing a complex ghost field χ. All this together allows us to write the action in the form
in order to deduce the Feynman rules for the propagators and vertices shown in Tables 1 and  2 . The propagator of the complex Goldstone boson plus two trivalent and four tetravalent vertices accounting for the interactions of Goldstone-anti-Goldstone pairs must be added to the Feynman rules of the Abelian Higgs model in the Feynman-'t Hooft gauge. Nevertheless, in order to guarantee that all physical quantities will be ultraviolet finite there is still a remaining piece to be added: the action for the counter-terms. We shall compute this up to one-loop order in the sequel.
One-loop mass renormalization counter-terms
All ultraviolet divergences come from the integral:
We also note that even if there are massless particles propagating in 2+1 dimensions, I(0) is infrared convergent. The renormalization of the semilocal AHM requires the computation of the following one-loop graphs:
1. Higgs boson tadpole: 
2. Higgs boson self-energy:
Real Goldstone boson self-energy:
Complex Goldstone boson self-energy:
5. Vector boson self-energy: The potentially divergent part is
In (2+1)-dimensions the graphs above are the only ultraviolet divergent diagrams for any number of loops in the diagrams, not only in one-loop order, and the theory is super-renormalizable. Thus, in a minimal subtraction scheme we get rid off all ultraviolet divergences arising in the vacuum sector of the model by adding the counter-terms 
which gives rise to the vertices shown in Table 3 . In our renormalization scheme, finite renormalizations have been adjusted in such a way that, on one hand, the divergence due to the tadpole graph is exactly canceled when the theory is fine-tuned to the so called self-dual limit κ 2 = 1 and, on the other hand, the global SU(2) symmetry remains unbroken up to one-loop order.
Semilocal vortices Finite energy solutions
Apart from the ground states built around the S 3 classical homogeneous solutions, the semilocal AHM has room for other quantum states arising from the extended classical configurations, which are stable owing to topological reasons. These configurations are the topological solitons
such that their energy,
is finite. The topological character of these solutions is peculiar in that although the scalar vacuum manifold is S 3 , and thus simply connected, the configuration space C
is the union of Z disconnected sectors. Finite energy configurations show the asymptotic behavior
where S 1 ∞ is the circle that bounds the plane at infinity. Parametrizing S 1 ∞ by the polar angle θ = arctan 
Continuous maps between one-dimensional spheres are classified according to the first homotopy group and, because the temporal evolution is continuous, Π 0 (C) = Π 1 (S 1 1 ) = Z, the zero homotopy group of C is non-trivial. Thus, C = ⊔ l∈Z C l is the union of disconnected sectors characterized by an integer number l.
Moreover, the boundary condition for the vector field
] are the Hopf coordinates of the S 3 sphere. Therefore,
and the topological (winding) number l has a direct physical interpretation in terms of the magnetic flux carried by the planar soliton:
We shall restrict ourselves to the critical point between Type I and Type II superconductivity: κ 2 = 1. The energy can be arranged in a Bogomolny splitting:
One immediately realizes that the solutions of the first-order equations
are absolute minima of the energy, and are hence stable, in each topological sector that has a classical mass proportional to the magnetic flux. Because the first-order equations can be obtained from the self-duality equations of Euclidean 4D gauge theory through dimensional reduction, the vortex solutions of (1) are called self-dual at the limit κ 2 = 1.
We follow [3] to summarize the properties and existence of the so-called semi-local selfdual topological solitons: the solutions of (1) for non-negative l (plus sign in the first-order equations)
1 . The equation on the left in (1) is tantamount to:
where the complex notation for coordinates and fields is:
From (2), one sees that:
where Q m and P l are polynomials of respective degree m and l in z, such that ω(z) is locally analytic. The behavior of the Higgs field at infinity (up to global SU(2) transformations) compatible with finite energy requires that m < l and P l (z) be monic:
Therefore, the moduli space of semi-local topological solitons depends on 2l complex (4l real) parameters:
Varying the values of (p a , q a ) one varies the l zeroes of Φ 1 and the l − 1 zeroes of Φ 2 in such a way that the locations of the zeroes of the two Higgs fields plus the scale and orientation of Φ 2 parametrize the SSTS moduli space. Equation (1) on the right becomes
where
a solution of (3) compatible with finite energy boundary conditions [3, 4] . Therefore, the finite energy solutions of (1) with a magnetic flux 2πl take the form
, where u(z,z) is a solution of (3). In the l = 1 case we have that:
.
Setting the parameter q 0 to zero, we find the embedded Nielsen-Olesen vortex centered at z 0 :
however, tends to zero for very large |q 0 | and the solution of (3) becomes:
is precisely the field profile of the lump centered at z 0 with radius |q 0 | and topological charge 1 in the planar CP 1 model. The Higgs fields spreads over the vacuum manifold S 3 for very large |q 0 | whereas the ANO profiles are found for very small |q 0 |. Self-dual semi-local topological solitons interpolate between self-dual ANO vortices and CP 1 -lumps when |q 0 | varies between 0 and ∞.
Self-dual semi-local topological solitons with spherical symmetry
Among the topological solitons, the simplest ones are those in which all the roots of both 
u(r; qm)
, the first-order PDE's reduce to a system of nonlinear ordinary differential equations:
required by energy finiteness plus regularity at the center of the vortex. Let us recall that the boundary conditions at infinity also require that mbe < l. The magnetic field and the energy density of the spherically symmetric vortices in terms of the field profiles f (r), α(r) are:
Semi-local strings with a quantum of magnetic flux
We now go on to the most elementary solutions that carry a quantum of magnetic flux, or, l = 1 = m + 1 . We follow the procedure developed in [23] to solve the non-linear ODE system (4)- (5)- (6) with boundary conditions (7). First, we consider small values of r and in the first-order differential equations we test the power series
where f j and α j , j = 1, 2, 3, · · ·, are real, whereas h j , j = 0, 1, 2, · · ·, are complex coefficients. The coupled first-order ODE's are solved at this limit by (8)- (9)- (10) if
We stress that
is determined by the behavior of the solution at the origin. After that, only a free parameter, f 1 , is left in the exact solution near the origin. Second, a numerical scheme is implemented by setting a boundary condition at a non-singular point of the ODE system, which is obtained from the power series for a small value of r (r = 0.001 in our case). This scheme prompts a shooting procedure by varying f 1 , where the correct asymptotic behavior of the solutions is obtained by setting an optimal value for f 1 for a given value of h 0 . Finally, the first-order ODE system is solved for large r by means of a power series in
Again, only one free parameter, h 1 , is left. The value of h 1 is fixed by demanding continuity of the solution at intermediate distances (r = 15 in our case) obtained by gluing the short-r and large-r approximations. In particular, this has the important implication that
linking the null value of |h 0 |, which gives the embedded ANO vortex, with the null value of the constant |h 1 | setting the behavior of the solution for very large r. Another important remark is that the large r behavior of self-dual semi-local defects differs from the large r behavior of self-dual ANO vortices that decay exponentially.
The 
By S( x) and V k ( x) we respectively denote the scalar and vector fields of the topological soliton solution, whereas δS(x 0 , x) and δa j (x 0 , x) calibrate the small deviations of the bosonic fields with respect to the classical solution. Of course, not all fluctuations are physically relevant, and we should avoid pure gauge deformations. In order to do so, we impose the Weyl/background gauge condition:
Under these constraints, the ground state energy in the topological sectors up to O(δ 3 ) order (one-loop) is:
, and δχ( x) corresponds to ghost fluctuations. K and K G are second-order differential operators. K is matrix-valued and fairly complicated
and K G is the scalar differential operator:
In all these formulas, the notation is
, and analogously for δS. The covariant derivatives are
, and the differential operators in the diagonal of K take the form
The energy due to the zero point fluctuations around the vacuum must be subtracted. As is fairly obvious, the Hamiltonian for the vacuum fluctuations has exactly the same form as (11) for the vacuum values: S 1 = 1, S 2 = 0, V 1 = V 2 = 0. We shall denote by K 0 and K G 0 the operators K and K G in the vacuum background.
When all the fluctuation modes are unoccupied, we formally obtain the contribution to the semi-local topological soliton ground state energy as a difference between two "super-traces" of differential operators acting on column vectors of L 2 (R 2 ) functions. The first super-trace comes from (the star stresses the fact that zero modes do not contribute to the trace) oscillations of the fields around the soliton,
, and the second one accounts for vacuum fluctuations of the fields:
Before proceeding, a further explanation of how we choose small fluctuations belonging to L 2 (R 2 ) deserves a pause. Following the conventional QFT approach, we put the system in a very large but finite two-dimensional box and impose periodic boundary conditions on δξ(x 0 , x) and δχ( x). In Appendices II, III, and IV of Reference [22] it is shown that taking the infinite area limit at the end leaves no remnants for kinks and self-dual vortices. Thus, this procedure uses invisible boundary conditions in such a way that, at intermediate stages, one works on circles or genus one Riemann Surfaces. Nevertheless, the rapid (exponential) decay of the Higgs field to its vacuum value in these cases ensures that, starting from large lengths or areas, there will be a very small dependence of the results on the size. Except for the embedded ANO vortices, all the Higgs fields of the semi-local self-dual topological solitons decay to their vacuum values as 1 r k for some positive k. Therefore, we expect a more significant dependence on the size of the box for these less concentrated solitons.
We might try topological boundary conditions like those used in Reference [14] for the bosonic and supersymmetric kink. In this planar gauge theoretical setting, the analogous form of the anti-periodic boundary conditions would be:
The line integral is along a path starting at the point P 0 = (x 1 , x 2 ), ending at P mL = (x 1 + mL, x 2 + mL), and passing through regions far away from the vortex core. These twisted boundary conditions are also invisible in the sense that no boundary is introduced. Rather, the fact that we are dealing with a non-trivial line bundle of first Chern class equal to one over a genus one Riemann surface is taken into account. In a purely bosonic framework, however, the twisted boundary conditions, like periodic boundary conditions, will not leave any mark at the infinite area limit.
Counter-term energies
The Casimir energy of the previous Section is of order , and this is also the order of the counter-terms found in Section 2. Thus, the one-loop semi-local topological soliton mass also receives contributions from the counter-terms for scalar and vector fields. At the self-dual limit κ 2 = 1, these contributions are
We now reshuffle the sum of these two quantities into two pieces, respectively proportional to I(1) and I(0):
The total contribution to the one-loop mass shifts from the mass renormalization counter-terms is:
. It follows from the classical degeneracy of vortices that there are some static deformations of a topological solution that do not cost energy at the tree level: those that give rise to a new selfdual soliton. Therefore, the dimension of the kernel of the operator K ruling the bosonic small fluctuations around the topological soliton should be equal to the dimension of the moduli space of self-dual semi-local soliton solutions. To check this, we proceed as in the previous Section by expanding the bosonic fields around the solution, but this time we consider only static small fluctuations:
The modified fields are still solutions of the first-order equations if (14) and (15) are satisfied:
and
where ∇ k = ∂ k − iV k . Also as in the previous Section, in order to avoid pure gauge fluctuations we set the static background gauge:
Thus, the tangent space to the moduli space of self-dual vortices is the kernel of the firstorder deformation operator D:
One easily checks that K = D † D, and it is also possible to prove that the Kernel of D † is empty [24] . Thus, K and D have the same kernel and the dimension of that kernel is the dimension of the classical moduli space: 4l.
Zeta-function regularization
The zero-point energies for the topological soliton and the vacuum are formally super-traces: the differences of traces of differential operators. Such traces are divergent quantities. The standard procedure for dealing with this delicate point is understanding these traces as the generalized zeta functions of the corresponding differential operators; see [12] - [6] - [9] . Given a differential operator A acting on an L 2 space of functions, the corresponding generalized zeta function is:
where λ n are the eigenvalues of A. We shall regularize the zero-point energies in the form:
continuation at the point s of the s -complex plane. The physical limit is:
Because K 0 and K G 0 are free Schrödinger operators, their zeta functions are well known [11, 15] :
where Γ(s) and γ[s, a] are the complete and incomplete Euler Gamma functions, respectively. The contribution from the mass counter-terms also involves divergent quantities proportional to the integrals I(1) and I(0). To regularize these integrals, we apply the residue theorem to integrate I(c) in the complex k 0 -plane. On a square of area m 2 L 2 each integral becomes a infinite sum over discrete momenta:
Accordingly, these integrals are the generalized zeta functions of the Euclidean Klein-Gordon and Laplacian operators evaluated at s = 1 2 . In this way, we also define the mass renormalization correction as a meromorphic function in the complex s-plane:
and take the physical limit:
While − △ +1 is exactly K G 0 , and its zeta function has been written above, calculation of ζ △ (s) is a bit tricky. From the partition function for the Laplacian, via the Mellin transform, we have:
, we obtain:
We finally find:
Contrary to the kink cases, which are one-dimensional problems, a finite answer is obtained in the regularized integrals via the associated zeta functions. The reason is that in this twodimensional problem the physical limit s = is not a pole of the zeta functions and only finite renormalizations will be necessary.
and generalized zeta function
Control of ζ K (s) and ζ K G (s) is much more difficult. A convenient way for dealing with the zeta functions of differential operators acting on infinite dimensional spaces is by means of heat kernel techniques. In this Section, we shall develop this method, applied to our soliton operators.
The heat kernel of a differential operator. Seeley densities
The heat equation kernel of a N × N matrix differential operator of the general form
is the solution of the K-heat equation
with initial condition: K K ( x, y; 0) = I·δ (2) ( x− y). We are particularly interested in the diagonal x = y heat-kernel, because the Mellin transform of the partition function Tr e −βK = tr
gives the generalized zeta function. To find the kernel, one writes [8]
where K 0 is the operator K very distant from the origin, where Q k ( x) and V ( x) take their asymptotic constant vacuum values. C K ( x, y; β) satisfies the N × N-matrix transfer equation
and is the unit matrix C K ( x, y; 0) = I at infinite temperature. Solving the transfer equation as an inverse-temperature power series expansion,
the PDE equation becomes tantamount to the recurrence relation between the densities c n ( x, y; K):
to be started from: c 0 ( x, y; K) = I. While it is easy to find the first diagonal density, c 1 ( x, x; K) = −V ( x), the determination of higher-order densities becomes more and more involved. To make the problem more tractable, we introduce the following notation:
densities can be written in compact form:
to be solved starting from
The Mellin transform of the asymptotic expansion
We must now deal with the cases N = 6 and N = 1, respectively for the operators K and K G . A good approximation to the generalized zeta functions of both operators is obtained from the Mellin transform [9] 
applied to the high-temperature expansion of the partition functions
The factor e −β , which appears in front of [c n (K)] AA for A = 1, 2, 3, 4, obeys the fact that the corresponding modes in ξ have one unit of mass, while the modes for A = 5, 6 are massless. The generalized zeta functions are thus divided as sums of meromorphic -high-temperature regimeand entire -to be neglected, low temperature regime-functions of s:
where γ[s + n − 1, 1] are incomplete Euler Gamma functions. We shall neglect the entire parts B(K) and B(K G ) and keep a finite number of terms, N 0 , in future use of these generalized zeta functions for the regularization of ultraviolet divergences.
The high-temperature one-loop semi-local vortex mass shift formula
The contribution of the c 1 coefficients to the semi-local topological soliton Casimir energy is
, but the first Seeley coefficients due to bosonic and ghost fluctuations, respectively, give:
Therefore,
On the other hand, the contribution to the one-loop semi-local string tension shift of the mass renormalization counter-terms is 2 :
We finally obtain the high-temperature one-loop semi-local topological soliton mass shift formula:
In this final formula (16) there are four types of terms:
• First, polynomial expressions in incomplete Gamma functions times the heat-kernel expansion coefficients for K -saving only the four first diagonal contributions due to massive bosonic particles-and K G -coming from fermionic massive particles. All of them start from the second-order coefficients.
• Second, polynomial expressions in
, including the last two diagonal heat kernel coefficients that collect the contribution of massless Goldstone particles. The starting coefficients are also of second order.
• Third, a factor proportional to 4l, taking into account the subtraction of the 4l zero modes.
• An extra piece proportional to the norm of the second Higgs field due to the imperfect cancelation of the contribution of first-order Seeley coefficients by mass renormalization counter-terms.
Finally, let us mention that by cutting the expansion at a finite number, N 0 , we admit an error -besides the rejected entire parts -which is a priori proportional to γ[N 0 − 1 2
, for N 0 large. Nevertheless, as we shall see in the next Section, once all the calculations have been done the degree of convergence of the results is very good, meaning that the proportionality coefficient in that error is very small. The reliability of the method is therefore quite high.
Mathematica calculations
Seeley densities for spherically symmetric semi-local vortices
We shall apply (16) to spherically symmetric vortices. The heat kernel local coefficients, however, depend on successive derivatives of the solution. This dependence can increase the error in the estimation of these local coefficients because we are handling an interpolating polynomial as the numerically generated solution, and the successive derivation with respect to r of such a polynomial introduces inaccuracies. Indeed, this operation is plugged into the algorithm that generates the local coefficients in order to speed up this process. It is thus of crucial importance to use the first-order differential equations (4)- (5)- (6) in order to eliminate the derivatives of the solution and to write the local coefficients as expressions that depend only on the fields. Recalling the form of the spherically symmetric solutions, Because the NO vortex solutions have been generated numerically, integration over the whole plane of the Seeley densities can also only be performed numerically. Therefore, we are forced to put a cut-off into the area and replace the infinite plane by a discus of radius R, which in the calculations above was chosen to be R = 10.000 (compare with the profiles of Figure 1 ). Use of these numbers in formula (16) provides us with the Table at the right, where the one-loop mass shifts in m units of semi-local self-dual NO vortices are shown up to sixth order in the asymptotic formula.
Our result for the one-loop mass shift of semi-local self-dual NO vortices is:
The ratio between the mass shifts of self-dual NO vortices in the semi-local and normal Abelian Higgs model is:
see [15] . Similar relations exist between ratios of kink mass shifts in the λ(φ) 4 2 model and the BNRT model; a two-field system that depends on a real positive parameter σ:
see [17] . Several comments are in order:
1. The coefficients tr c I n , for n = 2, 3, · · · , 6, are identical, within numerical precision, to the same coefficients for self-dual NO vortices in the Abelian Higgs model. Therefore, the difference of the vortex mass shift arising in the semi-local Abelian Higgs model is due to the contribution of the tr c O n coefficients and to the double number of zero modes. 2. tr c I 1 and tr c O 1 are very large negative numbers. In the case at hand, h 0 = 0, their contribution cancels against the energy induced by mass renormalization counter-terms. A similar behavior of h 0 = 0 self-dual semi-local topological solitons would mean that rather than decreasing their mass should grow as the result of one-loop fluctuations, a possibility that we shall study below.
Seeley coefficients for semi-local topological solitons: one quantum of magnetic flux and various values of h 0 .
To accomplish this goal, we offer several Tables in the Appendix with similar numerical calculations on discuses of radius R = 10 2 , R = 10 3 , R = 10 4 , R = 10 5 , and R = 10 6 for the values h 0 = 0, h 0 = 0.1, h 0 = 0.3, h 0 = 0.6, and h 0 = 0.9. Inspection of these Tables raises some points that merit comment:
1. We see from the Tables for the h 0 = 0.0 case that although the first-order coefficients grow spectacularly with the radius, the highest coefficients are quite stable against growing areas of integration, suggesting good behavior -a finite value very close to the value obtained at R = 10 4 -of the one-loop correction in the infinite area limit. The consequence is as follows: whereas the one-loop mass shift of embedded ANO vortices is always negative and varies extremely slowly as the area increases towards more negative values, one-loop mass shifts of genuine semilocal topological solitons with |h 0 | > 0 become less negative, and even positive, for larger areas, as is shown in the following Table. The classical degeneracy in energy between semi-local topological defects seems to be broken by one-loop fluctuations, the embedded ANO vortices becoming the ground states in the topological sector of one quantum of magnetic flux. It is remarkable how strong this effect becomes for large |h 0 |.
These numerical results find support in the following qualitative arguments based in the analysis of the potentials arising in the matrix Schrodinger operators governing small fluctuations around semi-local self-dual topological solitons. The more pertinent, diagonal, operators in K and K G are: 2. For h 0 = 0.1, h(r) is not zero, see also Figure 1 and take into account that:
r 2 ≃ r→0 r 2 . We observe that the corresponding terms push the wells upwards from the bottom, making them less attractive. This explains why the mass shifts are less negative.
3. For h 0 = 0.3, h(r) is big enough to globally produce a change from attractive to repulsive potential forces provided that the area of the normalization box is sufficiently large. There is consequently a change in the sign of the mass correction.
4. For h 0 = 0.6 and h 0 = 0.9, potential barriers dominate starting from relatively small areas of the normalization box. The field profiles go to their vacuum values very slowly and the barriers become very wide, explaining the strong dependence on the size of the normalization box. of these extended objects. The two extremes are the ANO vortices, h 0 = 0, where the energy density is concentrated around the zero of the Higgs field, and the CP 1 -lumps, with energy densities uniformly distributed over the whole spatial plane. A similar effect has been observed before in the moduli space of degenerated two-component kinks analyzed in Reference [17] .
